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AN UPPER BOUND FOR HIGHER TOPOLOGICAL COMPLEXITY
AND HIGHER STRONGLY EQUIVARIANT COMPLEXITY
AMIT KUMAR PAUL AND DEBASIS SEN
Abstract. We prove an upper bound of higher topological complexity TCn(X)
using higher D-topological complexity TCD
n
(X) of a space X . An intermediate
invariant T˜Cn(X) is used in the proof. We interpret this invariant T˜Cn(X) as
higher analogue of strongly equivariant topological complexity of the universal cover
of X˜ with the action of the fundamental group of X .
1. Introduction
The topological complexity TC(X) of a path connected space X was introduced by
Farber (see [10]). It is a measure of the complexity to construct a motion-planning
algorithm on the space X . Let I = [0, 1] and PX = XI denotes the free path space.
Consider the fibration
p : PX → X ×X, γ 7→ (γ(0), γ(1)). (1)
Then TC(X) is defined to be the least positive integer k such that there exists an
open cover {U1, · · · , Uk} of X × X with continuous section of p over each Ui (i.e. a
continuous map si : Ui → PX satisfying π◦si = IdUi for i = 1, 2, · · · , k). Generalising
the idea, Rudyak defined higher topological complexity (see [18]). He introduced n-th
topological complexity TCn(X), n ≥ 2 such that TC2(X) = TC(X). We recall the
definition of higher topological complexity in the next section. It is well known that
TCn(X) is homotopy invariaint. Therefore one can define topological complexity of a
discrete group π as TCn(π) = TCn(K(π, 1)), where K(π, 1) is a Eilenberg- MacLane
space with fundamental group π and other homotopy groups trivial.
Computation of topological complexity is difficult. With a few known exact compu-
tations of these invariants, there has been work to get better bounds of these numbers.
Using cohomological dimension cd(π) of the fundamental group π = π1(X), A. Costa
and M. Farber ([2]) obtained the following upper bound for a finite cell complex X :
TC(X) ≤ 2 cd(π) + dimX + 1.
Further we know cd(π)+1 ≤ TC(π) ≤ 2 cd(π)+1. In ([3]) A. Dranishnikov improves
this an upper bound to TC(X) ≤ TC(π) + dimX . Later in ([12]) the authors intro-
duced a D-topological complexity TCD(X) which has the property TCD(X) ≤ TC(π).
They showed that TC(X) ≤ TCD(X)+ ⌈2 dimX−r
r+1
⌉, where r is the connectivity of the
universal cover of X . Clearly this gives a better bound. We generalise the result for
higher TCn(X).
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Theorem A. Let X be a finite dimensional simplicial complex such that its universal
cover X˜ is r-connecetd. Then we have ,
TCn(X) ≤ TC
D
n (X) +
⌈
n dimX − r
r + 1
⌉
, n ≥ 2.
(See Theorem 4.6).
In particular, for r = 1, we obtain TCn(X) ≤ TCn(π) + ⌈
n dimX−1
2
⌉ which a generali-
sation of [3, Theorem 3.3] of A. Dranishnikov (cf. Corollary 4.7) . He used strongly
equivariant topological complexity to prove the result. Note that there are other ver-
sions of equivariaint topological complexity (cf. [7, 17, 19]) all of which differ slightly
from each other. As in ([12]), to prove Theorem A an intermediate invariant T˜Cn(X)
is introduced. We introduce higher analogue of strongly equivariant complexity. Gen-
eralising [12, Proposition 3.8 ], we prove that T˜Cn(X) can be viewed as the higher
strongly equivariant complexity TC∗n,pi(X˜) of the universal cover X˜ with the action
of the fundamental group π.
Theorem B. For any finite simplicial complex X, we have
T˜Cn(X) = TC
∗
n,pi(X˜), n ≥ 2,
where X˜ be the universal covering and π = π1(X).
(See Theorem 5.12)
The upper bound of TC in [3] was deduced by showing that TC(E) ≤ TC(B) +
TC∗,G(F )−1 for a fiber bundle E → B with fiber F and structure group G. We prove
a similar result for higher topological complexity.
Theorem C. Let E,B be two locally compact metric spaces and E → B be a fiber
bundle with fiber F and structure group G acting properly on F . Then
TCn(E) ≤ TCn(B) + TC
∗
n,G(F )− 1, n ≥ 2.
(See Theroem 5.13. )
Organisation. The organisation of the rest of the paper is as follows: In Section 2,
we recall some basic definitions related to topological complexity and LS category.
In Section 3 we recall the definition of higher D-topological complexity and prove
some general properties. In section 4, we introduce the invariant T˜Cn(X) and use
it to prove Theorem A. In the last section, we introduce higher strongly equivariant
complexity, obtain its properties, and prove Theorem B, Theorem C.
1.1. Acknowledgements. The first author was supported by PhD research fellow-
ship of Indian Institute of Technology, Kanpur.
2. Preliminary
Here we review basic concept of LS-category, topological complexity and higher
topological complexity of a space X . We also recall some equivariant analogues. For
details we refer to [5, 6, 7, 10, 14, 18, 16].
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2.1. LS-category and topological complexity. Let q : E → B be a onto map,
then the sectional category of q is denoted by secat(q) and define as the minimal
positive integer k such that we have an open cover {Ui}
k
i=1 for B and on each open
subset Ui we have a continuous map si : Ui → E with q ◦ si : Ui → B is homotopic to
the inclusion IdUi : Ui →֒ B. The map si is called local section for q. If q : E → B is
fibration then secat(q) = genus(q), where genus(q) of the fibration q is the minimal
positive integer k such that we have an open cover {Ui}
k
i=1 for B and on each open
subset Ui we have a continuous map si : Ui → E satisfying q ◦ si = IdUi : Ui →֒ B.
We denote by P0X be the space of all paths in X starts from some fix point (say x0)
and PX = XI be free path space of X . Consider the fibrations
p0 : P0X → X, γ → γ(1); p : PX → X ×X, α→ (α(0), α(1)).
2.2. Definition. The Lusternik-Schnirelmann category (LS-category) of X is defined
as cat(X) := genus(p0). The topological complexity of X is TC(X) := genus(p).
For n ≥ 2, let In denotes the wedge of n intervals [0, 1]j, j = 1, 2, · · · , n, where
0j ∈ [0, 1]j are identified. Consider the mapping space X
In and the fibration
en : X
In → Xn, en(α) = (α(11), α(12), · · · , α(1n)). (2)
The n-th topological complexity of X is defined to be TCn(X) := genus(en). It can
be defined alternatively as TCn(X) = genus(e
′
n), where
e′n : X
I → Xn, e′n(α) = (α(0), α(
1
n− 1
), α(
2
n− 1
), · · · , α(1)). (3)
This is because en and e
′
n are both fibrational replacement of the diagonal map X →
Xn. Clearly TC2(X) is nothing but TC(X).
Topological complexity is closely related to LS-category, satisfying the relation
cat(Xn−1) ≤ TCn(X) ≤ cat(X
n) ≤ TCn+1(X). (4)
It is clear from the above inequality that {TCn(X)} is a non-decreasing sequence.
If a space Y is homotopy equivalent to X , then TCn(Y ) = TCn(X) for any n ≥ 2.
Consequently, X is contractible if and only if TCn(X) = 1 for any n ≥ 2.
2.3. Equivariant LS-category. Throughout the paper, G will denote a discrete
group. A topological space X with an action of a group G is called a G-space. A
continuous map φ : X → Y between G-spaces is called a G-map (or an equivariant
map) if φ(gx) = gφ(x) for all g ∈ G and x ∈ X . The set O(x) = {gx ; g ∈ G} is
called the orbit of x ∈ X and Gx = {g ∈ G; gx = x} is called the isotropy group at
x. For a subgroup H of G, the H-fixed point set of X is given by
XH = {x ∈ X ; hx = x for all h ∈ H}.
We call X is G-connected if the H-fixed point set XH is path-connected for every
subgroup H of G. Let Y be an another G-space and φ, ψ : X → Y be two G-maps.
Then φ is said to be G-homotopic to ψ, written as φ ≃G ψ, if there is a G-map
F : X × I → Y with F (x, 0) = φ(x) and F (x, 1) = ψ(x), where G acts trivially on
I and diagonally on X × I. Two G-spaces X, Y are called G-homotopy equivalent
if there are G-maps φ : X → Y and φ′ : Y → X such that φ ◦ φ′ ≃G IdY and
φ′ ◦ φ ≃G IdX .
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A subset U ⊂ X is called G-invariant if gU ⊆ U for all g ∈ G. Such a U ⊆ X is
called G-categorical if there exists a G-homotopy F : U × I → X such that F (−, 0)
is the inclusion map U →֒ X and Image(F (−, 1)) ⊂ O(x′) for some x′ ∈ X . We say
X is G-contractible if X is G-categorical.
2.4. Definition. The G-equivariant LS-category of X , denoted by catG(X), is the
minimum positive integer k such thatX can be covered by k open sets {U1, U2, · · · , Uk},
each of which is G-categorical.
Clearly X is G-contractible if and only if catG(X) = 1. The G-equivariant category
catG(X) is a G-homotopy invariant. Therefore if X is G-homotopy equivalent to a
point then catG(X) = 1, i.e. X is G-contractible. The following lemma gives the
converse implication.
2.5. Lemma. For a G-connected G-space X with XG 6= φ, the G-contractibility of X
implies X is G-homotopy equivalent to a point (in XG).
Proof. Since X is G-contractible, there is a G-homotopy F ′t : X → X such that
F ′0 = IdX and F
′
1(x) ∈ O(x
′) for some x′ ∈ X . Consider an element x0 ∈ X
G and the
isotropy group H = Gx′ at x
′. Then the both elements x′, x0 ∈ X
H . Since X is G-
connected so XH is path-connected. Fix a path γ : I → XH , from x′ to x0. Note that
H ⊆ Gγ(t) for all t ∈ I. Define a homotopy F
′′
t : O(x
′) → X by F ′′t (g.x
′) = g.γ(t),
where g ∈ G. Then F ′′t is well defined and F
′′
0 = IdO(x′) , F
′′
1 (g.x
′) = x0. Define
another homotopy Ft = F
′
t ∗ F
′′
t : X → X , where
F ′t ∗ F
′′
t (x) =
{
F ′2t(x) if 0 ≤ t ≤
1
2
F ′′2t−1(F
′
1(x)) if
1
2
≤ t ≤ 1,
then Ft is G-equivariant with F0 = IdX and F1(x) = x0 for all x ∈ X .

2.6. Example. Let Z2-acts on S
n, n ≥ 2 by reflection. Then catZ2(S
n) = 2. Assume
the reflection keeps the hyperplane perpendicular to xn fixed. Take U : x0 > −
1
2
⊂ Sn
and V : x0 <
1
2
⊂ Sn. Then usual contraction of U, V are equivariant. So U, V are
Z2-categorical hence catZ2(S
n) ≤ 2. If catZ2(S
n) = 1, then by Lemma 2.5 Sn is Z2-
homotopy equivalent to a point, and in particular homotopy equivalent to a point
which is not true. So catZ2(S
n) = 2.
We will need the following lemma in later section. We refer to [7, Theorem 3.16], [8,
Theorem 2.23, Example 6.5], [9, Proposition 2.29] for the proof of the lemma.
2.7. Lemma. Suppose Yi is a Gi-space for i = 1, 2. Consider Y1×Y2 as G1×G2-space
with the product action. If Y G11 6= φ and Y
G2
2 6= φ then
catG1×G2(Y1 × Y2) ≤ catG1(Y1) + catG2(Y2)− 1.
2.8. Deformable subset and r-cover. The topological complexity can be in-
terpreted using deformable subsets. Let A,U ⊆ X . We call U is A-deformable if
there is a homotopy ht : U → X with h0 : U →֒ X is inclusion and h1(U) ⊂ A. An
open cover C = {U1, U2, · · · , Ur} is called A-deformable if each Ui is A-deformable.
For a G-space X , let A,U be invariant subsets. Then U is called A-equivariantly
deformable if the above homotopy is an equivariant homotopy. It is known that
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the topological complexity TCn(X) of a space X is the minimum number k such
that there is a ∆(X)-deformable open cover of Xn containing k open sets, where
∆(X) = {(x, x, · · · , x) ∈ Xn ; x ∈ X}.
Now we recall some basic results about open covers which are described in ([3, 4,
15]). An open cover C = {U1, U2, · · · , Ur+r′} of a space X is called r-cover if every
subcollection of r sets from C also a cover of X . We have the following simple
observation.
2.9. Lemma. Let {U1, U2, · · · , Ur+r′−1} be an r-cover and {V1, V2, · · · , Vr+r′−1} be an
r′-cover of a space X, then {W1,W2, · · · ,Wr+r′−1} covers X where Wi = Ui ∩ Vi.
Proof. Let x ∈ X . By [3, Proposition 2.1] an open cover C = {U1, U2, · · · , Ur+r′−1}
is an r-cover of a space X if and only if each x ∈ X is contained in at least r′ sets
of C. Hence there is a subcollection {Ui1 , Ui2 , · · · , Uir′} of {U1, U2, · · · , Ur+r′−1} each
of which contains x. Then the set {Vi1 , Vi2, · · · , Vir′} covers X . So x ∈ Vik for some
k ∈ {1, 2, · · · r′} and hence x ∈ Uik ∩ Vik =Wik .

We will need the following result in last section.
2.10. Proposition. [3, Theorem 2.4] Assume F is locally compact metric space and
A ⊂ F . If {U ′i}
r
i=1 is a A-deformable open cover of F , then for any r
′ ≥ 0 there is
a A-deformable open r-cover {Uj}
r+r′
j=1 of F such that Uj = U
′
i for i = j ≤ r and for
j > r, Uj = ⊔
r
i=1Vi is a disjoint union with Vi ⊂ U
′
i .
If G acts on F and A is G-invariant and {U ′i}
r
i=1 is a A-equivariantly deformable
open cover of F by G-invariant sets, then for any r′ ≥ 0 there is a A-equivariantly
deformable open r-cover {Uj}
r+r′
j=1 of F by G-invariant sets such that Uj = U
′
i for
i = j ≤ r and for j > r, Uj = ⊔
r
i=1Vi is a disjoint union with G-invariant subsets
Vi ⊂ U
′
i .
3. Higher D- topological complexity
In [13], Farber, Grant, Lupton and Oprea introduce D-topological complexity for
a path-connected space and proved that for a finite aspherical cell complex, the topo-
logical complexity and D-topological complexity are same. In [11], Farber and Oprea
define n-th D-topological complexity TCDn (X) and generalised the result. In [12], Far-
ber, Grant, Lupton and Oprea proved some properties of D-topological complexity.
In this Section we generalised the results for n-th D-topological complexity.
3.1. Definition. Let X be a path-connected topological space with fundamental
group π = π1(X, x0). The n-th D-topological complexity, TC
D
n (X), is defined as
the minimum number k such that Xn can be covered by k open subsets, Xn =
U1 ∪U2 ∪ · · · ∪Uk, with the property that for any i = 1, 2, · · · , k and for every choice
of the base point ui ∈ Ui, the homomorphism π1(Ui, ui)→ π1(X
n, ui) induced by the
inclusion Ui → X
n takes values in a subgroup conjugate to the diagonal ∆ ⊂ πn,
where πn = π × π × · · · × π (n-times).
We now interpret the above definition as sectional category of a certain covering map.
3.2. Proposition. Let X be a path-connected, locally path-connected and semi-locally
simply connected topological space with fundamental group π = π1(X, x0). Let q :
6 AMIT KUMAR PAUL AND DEBASIS SEN
X̂n → Xn be the connected covering space corresponding to the diagonal subgroup
∆ ⊂ πn = π1(X
n, X0), where X0 = (x0, x0, · · · , x0). Then
TCDn (X) = secat(q).
Proof. Let secat(q) = k, with {U1, U2, · · · , Uk} be cover of X
n and for each i, si :
Ui → X̂n be a section on Ui of q. Now by the lifting criterion of covering space
i∗(π1(Ui, ui)) ⊆ q∗(π1(X̂n, x̂0)) (where x̂0 ∈ X̂n), that is, i∗(π1(Ui, ui)) ⊆ q∗(∆).
Hence TCDn (X) ≤ secat(q).
Conversely, let TCDn (X) = k. Then i∗(π1(Ui, ui)) ⊆ some conjugate of ∆, means
i∗(π1(Ui, ui)) ⊆ q∗(π1(X̂n, x̂0)). Again by lifting criterion of covering space, a lift
si : Ui → X̂n exist, i.e. section exist on Ui. Hence TC
D
n (X) ≥ secat(q).

3.3. Example. For a path-connected space X , TCDn (X) = 1 if and only if X is simply
connected. So we have TCDn (S
m) = 1 for all m,n ≥ 2.
To get an analogue of Equation (4) for D-topological complexity, we recall the defi-
nition of Lusternik-Schnirelmann one-category.
3.4. Definition. Let X be a path connected, locally path-connected and semi-locally
simply connected space with universal cover P : X˜ → X . The Lusternik-Schnirelmann
one-category of X is defined to be cat1(X) := secat(P ) of P .
3.5. Proposition. If X is a path-connected, locally path-connected and semi-locally
simply connected topological space, then
cat1(X
n−1) ≤ TCDn (X) ≤ cat1(X
n).
Proof. Consider the commutative diagram,
X
q′

// X̂n
q

X˜noo
Pn

Xn−1
f
// Xn Xn=
oo
where q : X̂n → Xn is the cover corresponds to the diagonal group ∆ ⊂ πn =
π × π × · · · × π. The map f : Xn−1 → Xn is the inclusion to the first n − 1 factor,
f(x1, x2, · · · , xn−1) = (x1, x2, · · · , xn−1, ∗), where ∗ ∈ X is the base point and X is
the preimage q−1(f(Xn−1)). Note that q∗(π1(X̂n)) and f∗(π1(X
n−1)) spans π1(X
n).
So using property of pullback covering by inclusion map we can say that X is covering
space corresponding to the subgroup f−1∗ (q∗(π1(X̂
n))∩f∗(π1(X
n−1))) which is trivial.
Thus q′ : X → Xn−1 is the universal cover of Xn−1.
Given an open subset U ⊂ Xn with a section s : U → X̂n we may restrict it to
f−1(U) ⊂ Xn−1 getting a section s′ : f−1(U) → X . This shows that cat1(X
n−1) =
secat(q′) ≤ secat(q) = TCDn (X), thus proving the first inequality.
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Next we consider the right square of the diagram. The map P n is the universal
covering and hence secat(P n) = cat1(X
n) ≥ secat(q) = TCDn (X). This is the second
inequality. 
3.6. Corollary. For X as above,
cat1(X
n−1) ≤ TCDn (X) ≤ cat1(X
n) ≤ TCDn+1(X).
In particular TCDn (X) ≤ TC
D
n+1(X), for all n ≥ 2.
Now we relate higher topological complexity TCn(X) with higher D-topological
complexity TCDn (X).
3.7. Notation. Let P : X˜ → X be the universal cover of X . Let π = π1(X) denotes
the fundamental group of X and
∏
piX˜ stands for the quotient of X˜
n with respect to
the diagonal action of π.
3.8. Proposition. For a path-connected, locally path-connected and semi-locally sim-
ply connected topological space X one has TCDn (X) ≤ TCn(X).
Proof. Consider the projection q :
∏
piX˜ → X
n. Clearly q is a covering map with the
property that the image of the induced homomorphism q∗ : π1(
∏
piX˜) → π1(X
n) is
the diagonal. Hence by Proposition 3.2, TCDn (X) = secat(q).
Now we define
p : XI →
∏
pi
X˜, γ 7→ [γ˜(0), γ˜(
1
n− 1
), ..., γ˜(
j
n− 1
), · · · , γ˜(1)],
where γ˜ : I → X˜ is any lift of the path γ : I → X and the brackets [x0, x1, · · · , xn−1]
denote the orbit of the tuple (x0, x1, · · · , xn−1) ∈ X˜
n with respect to the diagonal
action of π. The map p is well-defined although the lift γ˜ is not unique. We obtain
the following commutative diagram.
XI
p
//
e′n &&▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼
∏
piX˜
q
ww♦♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
Xn
Clearly, a partial section s : U → XI of e′n gives a partial section s˜ = p◦s : U →
∏
piX˜
of q. So we have TCDn (X) = secat(q) ≤ secat(e
′
n) = TCn(X). 
For aspherical spaces, D-topological complexity is same as topological complexity.
3.9. Lemma. [11, Lemma 4.2 ] Let X be an aspherical CW complex. Then
TCDn (X) = TCn(X).
Now we show that the TCDn (X) is also homotopy invariant.
3.10. Proposition. Assume that f : X → Y is a continuous map between path-
connected topological spaces such that the induced map f∗ : π1(X) → π1(Y ) is an
isomorphism. Then we have,
TCDn (X) ≤ TC
D
n (Y ).
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Proof. Let U ⊂ Y n be an open subset such that the induced homomorphism π1(U, u)→
π1(Y
n, u) takes values in a subgroup conjugate to the diagonal. Consider the preim-
age V = (f × f × · · · × f)−1(U) ⊂ Xn. The map π1(V ) → π1(X
n), induced by the
inclusion, can be factored as the composition
π1(V )→ π1(U)→ π1(Y
n)
(f−1∗ )
n
−−−−→ π1(X
n).
Since the second map takes values in a subgroup conjugate to the diagonal, hence the
map π1(V )→ π1(X
n) also has the same property. Therefore TCDn (X) ≤ TC
D
n (Y ).

3.11. Corollary. The higher D-topological complexities are homotopy invariant.
Proof. Assume f : X → Y is a homotopy equivalence with inverse g : Y → X . Then
applying the above proposition to f and g we get TCDn (X) = TC
D
n (Y ).

Since TCDn (X) is homotopy invariant, we can define TC
D
n (π) := TC
D
n (K(π, 1)) for a
discrete group π. Note that TCDn (π) = TCn(π) by Lemma 3.9.
3.12. Proposition. Let X be a path-connected CW complex with fundamental group
π = π1(X). Then
TCDn (X) ≤ TC
D
n (π).
Moreover, if there exist a positive integer k ≥ 2 such that the homotopy groups
πj(X) = 0 for all j satisfying 1 < j < k and π has cohomological dimension ≤ k,
then
TCDn (X) = TC
D
n (π).
Proof. The Eilenberg-Mac Lane complex K = K(π, 1) can be constructed by attach-
ing cells of dimension ≥ 3 to X . Consider the inclusion map i : X →֒ K which
induces isomorphism of fundamental groups. So, using the Proposition 3.10 we can
say that TCDn (X) ≤ TC
D
n (K) = TC
D
n (π).
For the second part, the Eilenberg-Mac Lane space K = K(π, 1) can be obtained
from X by attaching cells of dimension k + 1, k + 2, · · · . Now convert the inclusion
X →֒ K into a fibration with fiber F satisfying πi(F ) = πi+1(K,X). Since π1(X) ≃
π1(K), we have πi(F ) = πi+1(K,X) = 0 for i = 0, 1, · · · , k − 1. The obstructions
to finding a section of X → K lie in the groups H i+1(π, πi(F )) = H
i+1(K, πi(F ))
and all these groups vanish because our computation with πi(F ) and our assumption
cd(π) ≤ K. Finally if we apply Proposition 3.10 to the section, which induces on the
fundamental groups, we get TCDn (X) ≥ TC
D
n (K) = TC
D
n (π). So TC
D
n (X) = TC
D
n (π).

We now show that if X has a group structure, then the left side inequality of
Corollary 3.6 is an equality.
3.13. Proposition. For any connected topological group H, TCDn (H) = cat1(H
n−1).
Proof. Let F : Hn → Hn−1 be the map given by the formula
F (a1, a2, · · · , an) = (a1a
−1
n , a2a
−1
n , · · · , an−1a
−1
n ).
Denote π = π1(H, e) and consider the induced map on fundamental groups
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φ = F∗ : π
n = π1(H
n, en) −→ πn−1 = π1(H
n−1, en−1)
where πn = π×π×· · ·×π, n-times and en = (e, e, · · · , e) is n-tuple in Hn. From the
definition of F , it is clear that F∗(α1, α2, · · · , αn) = (α1−αn, α1−αn, · · · , αn−1−αn).
Note that the kernel of φ is ∆ ⊂ πn, the diagonal subgroup. This gives a pullback
diagram of covering maps
Ĥn
q

F˜ // H˜n−1
Pn−1

Hn
F
// Hn−1
where P : H˜ → H is universal covering and q is the covering corresponds to the di-
agonal subgroup. From the diagram we obtain TCDn (H) = secat(q) ≤ secat(P
n−1) =
cat1(H
n−1).

4. The invariant T˜Cn(X)
In this section we introduce an invaraint T˜Cn(X) which is higher analogue of
T˜C(X) as defined in [12]. We use it to prove Theorem (A). Consider maps E
p
−→
X
q
−→ X , where p is a fibration with fiber F , q is a covering map with fiber F0 and
the space X is connected. The composition is a fibration with fiber F ′ which is
homeomorphic to F × F0.
4.1. Definition. With notations as above, the number s˜ecat(E
p
−→ X
q
−→ X) is the
minimal integer k ≥ 1 such that X admits an open cover X = U1∪U2∪· · ·∪Uk, with
the property that for each 1 ≤ i ≤ k, the fibration p admits a continuous section over
the open set q−1(Ui) ⊂ X .
It is clear from the definition that s˜ecat(E
p
−→ X
q
−→ X) ≥ secat(p) and s˜ecat(E
p
−→
X
q
−→ X) = 1 if and only if secat(p) = 1. The following result is proved in [12,
Proposition 3.2]. Note that we are counting from 1 in the definitions of genus and
related things.
4.2. Lemma. With notations as above, we have
secat(q ◦ p) ≤ secat(q) + s˜ecat(E
p
−→ X
q
−→ X)− 1.
Consider the quotient
E = {(ω, x1, x2, · · · , xn); ω ∈ X˜
I , ω(0) = x1, ω(
1
n−1
) = x2, · · · , ω(1) = xn)}/π,
where π = π1(X). Note that E can be identified with X
I by a choice of lift of path
in X to path in X˜ . The quotient by the fundamental group ensures that this is well
defined. Recall that
∏
piX˜ stands for the quotient of X˜
n with respect to the diagonal
action of π (see Notation 3.7). We define two maps p, q as follows:
p : E →
∏
pi
X˜, p([ω, x1, x2, · · · , xn]) 7→ [x1, x2, · · · , xn],
10 AMIT KUMAR PAUL AND DEBASIS SEN
and
q :
∏
pi
X˜ → Xn, q([x1, x2, · · · , xn]) 7→ (Px1, Px2, · · · , Pxn).
Here P : X˜ → X is the universal cover. Now we have the situation
XI
p
//
∏
piX˜
q
// Xn.
For such p, q, it is clear that
secat(p ◦ q) = TCn(X), secat(q) = TC
D
n (X).
4.3. Definition. With notations as above, we define
T˜Cn(X) = s˜ecat(X
I p−→
∏
pi
X˜
q
−→ Xn).
Applying the Lemma 4.2 in our this particular case we have
TCn(X) ≤ TC
D
n (X) + T˜Cn(X)− 1. (5)
4.4. Lemma. For a CW-complex X, the following statements are equivalent.
(i) For some n ≥ 2, T˜Cn(X) = 1.
(ii) The space X is aspherical.
(iii) For all n ≥ 2, T˜Cn(X) = 1.
Proof. (i) ⇒ (ii):
Suppose that T˜Cn(X) = 1, for some n ≥ 2. Then the fibration p : X
I →
∏
pi X˜ has
a continuous section. Now for r ≥ 2 consider the composition
πr(X) = πr(X
I)
p∗
−→ πr(
∏
pi
X˜)
≃
−→ πr(X
n) =
⊕
πr(X),
where
⊕
πr(X) is the direct sum of n-copies of πr(X). Since p has a section so this
composition must surjective and it is possible only when πr(X) = 0, for all r ≥ 2. So
X is aspherical.
(ii) ⇒ (iii):
If X is aspherical then X˜ is contractible. The fiber of p : XI →
∏
pi X˜ is the mapping
space map(
∨
(n−1) copies S
1 → X˜), which is also contractible. This implies p has a
section and hence T˜Cn(X) = 1 for all n ≥ 2.
(iii) ⇒ (i) is obvious. 
4.5. Proposition. Let Z = X × Y where X = K(π, 1) is aspherical and Y is simply
connected. Then TCDn (Z) = TCn(X) and T˜Cn(Z) = TCn(Y ).
Proof. The first equality follows from the Proposition 3.10 applying on X → X ×
Y → X , injection and projection. The proof of second equality is similar as ([12],
Proposition 3.11).

We now use the higher D-topological complexity to give an upper bound of TCn(X)
using connectivity of the universal covering space X˜ of X. This is a generalisation of
the result [12, Theorem 4.3].
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4.6. Theorem. Let X be a finite dimensional simplicial complex such that its univer-
sal cover X˜ is r-connected. Then we have ,
TCn(X) ≤ TC
D
n (X) +
⌈
n dimX − r
r + 1
⌉
. (6)
In particular if X˜ is (n− 1)-connected, then
TCn(X) ≤ TC
D
n (X) + dimX.
Proof. If we have a covering map q : B → B, with B finite dimensional simplicial
complex and a fibration p : E → B with (r− 1)-connected fiber for some r ≥ 0, then
by ([12, Theroem 4.1]) we have
s˜ecat(E
p
−→ B
q
−→ B) ≤ ⌈
dimB − r
r + 1
⌉+ 1.
We apply this result to the defining maps XI
p
−→
∏
piX˜
q
−→ Xn of T˜Cn(X). The fiber
of the map p is the mapping space F = map(
∨
(n−1) copies S
1 → X˜). Since X˜ is
r-connected, we get that F is (r − 1)-connected. This can be seen by considering
the fibration P0X˜ → X˜
n given by the projections at 0, 1
n−1
, 2
n−1
, · · · , n−1
n−1
= 1. This
also has fiber F . Looking at the homotopy long exact sequence gives us the desired
connectivity of F . So we get
T˜Cn(X) ≤
⌈
n dimX − r
r + 1
⌉
+ 1. (7)
Combining with the Equation (5) we get the Equation (6).
If r = n− 1, then ⌈ndimX−r
r+1
⌉ = ⌈dimX − n−1
n
⌉ = dimX, so we obtain
TCn(X) ≤ TC
D
n (X) + dimX.

The following corollary is a generalisation of [3, Theorem 3.3].
4.7.Corollary. For a finite dimensional simplicial complexX with fundamental group
π we have
TCn(X) ≤ TCn(π) +
⌈
n dimX − 1
2
⌉
.
Proof. Combining Proposition 3.12 and Proposition 3.9 we have
TCDn (X) ≤ TC
D
n (π) = TCn(π).
Since universal cover X˜ is 1-connected (simply connected), putting r = 1 in the
Equation (6) we get the result. 
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5. Higher strongly equivariant topological complexity
In ([7]) Colman and Grant introduced equivariant topological complexity for a G-
space Y . It is denoted by TCG(Y ) and is defined as the minimum integer k ≥ 1
such that there exist G-invariant open subsets U1, U2, · · · , Uk covering Y × Y under
the diagonal action of G on Y × Y and on each open subset there is G-equivariant
section of the path fibration map p : Y I → Y × Y, γ → (γ(0), γ(1)). In ([9])
Bayeh and Sarkar generalized equivariant version to higher topological complexity.
Dranishnikov ([3]) introduced strongly equivariant topological complexity TC∗G(Y ) of
a G-space Y , in which the covering open subsets are G×G invariant and the sections
si : Ui → Y
I are G-equivariant with diagonal action of G on Ui. In this section we
introduce higher strongly equivariant topological complexity TC∗n,G(Y ) of a G-space
Y and obtain some properties. After that we relate T˜Cn(X) and TC
∗
n,pi(X˜), where
X˜ is the universal cover of X and π = π1(X).
5.1. Definition. For a G-space Y , consider Y n as a Gn-space with product action.
Consider the fibration en : Y
In → Y n (cf. Equation 2) for Y . The G-action on Y
naturally induces a G-action on Y In .We define the n-th strongly equivariant topologi-
cal complexity TC∗n,G(Y ), as the the minimal number k such that Y
n can be cover by
Gn-invariant open sets {Ui : i = 1, · · · , k} and there is a G-equivariant continuous
section si : Ui → Y
In of en for i = 1, · · · , k (considering G as the diagonal subgroup
of Gn). If no such k exist, then TC∗n,G(Y ) =∞.
The following lemma shows that we can take the fibration e′n : Y
I → Y n in the above
definition (cf. Equation 3). Later we will use them interchangeably.
5.2. Lemma. Let Y be a G-space and U be a Gn-invariant open set of Y n, then
admitting G-equivariant continuous section on U of the maps en : Y
In → Y n and
e′n : Y
I → Y n are equivalent.
Proof. Let s : U → Y In be a G-equivariant continuous section of en. Define a map
φ : I → In by [
2j−2
2(n−1)
, 2j−1
2(n−1)
] goes to linearly on [0, 1]j in the reverse direction and
[ 2j−1
2(n−1)
, 2j
2(n−1)
] goes to linearly on [0, 1]j+1 for j = 1, 2, · · · , n − 1. This map induces
φ∗ : Y In → Y I such that the following diagram commutes.
Y In
φ∗
//
en
❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄❄
Y I
e′n
    
  
  
  
  
  
  
  
  
U _

s
gg❖❖❖❖❖❖❖❖❖❖❖❖❖
s′
77
Y n
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Consider the composition map s′ = φ∗ ◦ s : U → Y I . Let g ∈ G and (y1, y2, · · · , yn) ∈
U . Using the fact s : U → Y In is G-equivariant, we have,
φ∗ ◦ s(gy1, gy2, · · · , gyn)(t) = φ
∗(s(gy1, gy2, · · · , gyn))(t)
= s(gy1, gy2, · · · , gyn) ◦ φ(t)
= g.(s(y1, y2, · · · , yn)) ◦ φ(t)
= g.φ∗ ◦ s(y1, y2, · · · , yn)(t).
So the map s′ = φ∗ ◦ s is a G-equivariant section of e′n.
Conversely, let s′ : U → Y I be a G-equivariant continuous section of e′n. Define a
map ψ : In → I by sending [0, 1]j(1 ≤ j ≤ n) linearly to:
[
j − 1
n− 1
,
1
2
] in the reverse direction, if j ≤
n+ 1
2
[
1
2
,
j − 1
n− 1
], if j >
n+ 1
2
.
So the map ψ induces ψ∗ : Y I → Y In such that the following diagram commutes.
Y I
ψ∗
//
e′n
❃
❃❃
❃❃
❃❃
❃❃
❃❃
❃❃
❃❃
❃❃
❃ Y
In
en
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧
U _

s′
gg◆◆◆◆◆◆◆◆◆◆◆◆◆◆
s
77
Y n
As in previous case the composition s = ψ∗ ◦ s′ : U → Y In will be a G-equivariant
section of en. 
So in Definition 5.1 we can take the fibration e′n instead of en. As in the other cases
of higher topological complexity, the sequence {TC∗n,G(Y )}n≥2 is non-decreasing.
5.3. Proposition. Let Y be a G-space, then TC∗n+1,G(Y ) ≥ TC
∗
n,G(Y ), for any n ≥ 2.
Proof. Take the inclusion Y n → Y n+1 to the first n-factors. Given an open cover
{Ui : i = 1, · · · , k} of Y
n+1 by Gn+1-invariant subsets, take Vi = Ui ∩ Y
n. Then
Vi are G
n invariant with Gn →֒ Gn+1 as (g1, · · · , gn) 7→ (g1, · · · , gn, e). Restrict the
section over Ui to Vi. This satisfies the desired properties.

We now show that n-th strongly equivariant topological complexity is G-homotopy
invariant.
5.4. Proposition. Let X, Y be G-spaces and there are G-maps φ : X → Y , ψ : Y →
X such that φ ◦ ψ ≃G IdY . Then TC
∗
n,G(X) ≥ TC
∗
n,G(Y ). In particular if X is
G-homotopy equivalent to Y then TC∗n,G(X) = TC
∗
n,G(Y ).
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Proof. Take an Gn-invariant open set U ⊂ Xn with an equivariant section s : U → XI
of e′n. Consider V = (ψ
n)−1(U) ⊂ Y n. Then V is also Gn-invariant.
Y I
e′n

XI
e′n

φ∗oo
(ψn)−1U = V 

//
s′
::
Y × Y × · · · × Y
ψ×ψ···×ψ
// X ×X × · · · ×X U? _oo
s
``❇❇❇❇❇❇❇❇❇❇❇❇❇❇❇❇❇❇
Define s′ : V → Y I as s′(y1, · · · , yn) = φ∗ ◦ s ◦ ψ
n(y1, · · · , yn) where φ∗ : X
I → Y I
is the map induced by φ. Then e′n ◦ s
′ : V → Y n is the map (y1, · · · , yn) 7→ (φ ◦
ψ(y1), · · · , φ ◦ ψ(yn)) which is G-homotopic to identity.

5.5. Corollary. For a G-connected space Y with Y G 6= φ, then Y is G-contractible if
and only if TC∗n,G(Y ) = 1, for some n ≥ 2.
Proof. First assume that Y is G-contractible. Since Y is G-connected and Y G 6= φ,
using Lemma 2.5 we can say that Y is G-homotopy equivalent to a point. Hence the
corollary follows from the above proposition.
Conversely, let TC∗n,G(Y ) = 1 for some n ≥ 2. Then there is a G-equivariant
section s : Y n → Y I of e′n. Fix y0 ∈ Y
G. Define a homotopy H : Y × I → Y by
(y, t)→ s(y, y0, y0, · · · y0)(t). Clearly H is a G-homotopy between identity map on Y
and Cy0(constant map on the orbit O(y0)). So Y is G-contractible.

We now give some inequalities relating higher equivariant complexity TCn,G(Y ) of [9]
and our TC∗n,G(Y ).
5.6. Proposition. Let Y be a G-space. Then the following holds.
(a) For any n ≥ 2, we have TCn,G(Y ) ≤ TC
∗
n,G(Y ).
(b) If H and K are subgroups of G such that Y H is K-invariant, then
TCn,K(Y
H) ≤ TC∗n,K(Y
H) ≤ TC∗n,G(Y ).
In particular,
TCn(Y
H) ≤ TC∗n,G(Y ), TCn(Y ) ≤ TCn,K(Y ) ≤ TC
∗
n,G(Y ).
(c) If Y is not G-connected, then TC∗n,G(Y ) =∞ for all n ≥ 2.
Proof. (a) This simply follows from the definitions.
(b) Let us prove the inequality TC∗n,K(Y
H) ≤ TC∗n,G(Y ). Let U be an G
n-invariant
open set of Y n and s : U → Y I be a G-equivariant section for e′n. Define
V = U ∩ (Y H)n, is Kn-invariant as U and (Y H)n both are Kn-invariant. If
we restrict the map s on V , then for any (y1, · · · , yn) ∈ V and h ∈ H ,
h.s|V (y1, · · · , yn) = s|V (hy1, · · · , hyn) = s|V (y1, · · · , yn),
i.e. the path s|V (y1, · · · , yn) is in (Y
H)I . It is also clear that s|V is K-equivariant.
So s|V : V → (Y
H)I is a K-equivariant section for e′n|
(Y H )I
: (Y H)I → (Y H)n.
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The others inequality follows from combining (a) with results of [9, Proposition
3.14].
(c) If Y H is not connected then, TCn(Y
H) =∞. So this follows from part (b).

5.7. Remark. We can visualise the different inequalities of the above Proposition 5.6
the following picture, with an arrow goes from bigger to smaller number.
TC∗n,G(Y )
ss❤❤❤❤
❤❤❤❤
❤❤❤❤
❤❤❤❤
❤❤❤❤
❤❤❤
 ++❲❲❲❲
❲❲❲❲
❲❲❲❲
❲❲❲❲
❲❲❲❲
❲❲❲❲
TC∗n,K(Y )
&&◆◆
◆◆
◆◆
◆◆
◆◆
◆
TCn,G(Y )
xxqqq
qq
qq
qq
qq
''◆◆
◆◆
◆◆
◆◆
◆◆
◆
TC∗n,K(Y
H)
ww♦♦♦
♦♦
♦♦
♦♦
♦♦
TCn,K(Y )

TCn,K(Y
H)

TCn(Y ) TCn(Y
H)
5.8. Lemma. We have TC∗n,G(Y ) ≤ k if and only if there exist an open cover of Y
n
containing k open sets such that each open set is Gn-invariant and G-equivariantly
deformable into ∆(Y ) ⊂ Y n.
Proof. It is enough to prove that, a G-equivariant section s : U → Y In exist for
en : Y
In → Y n on some Gn-invariant open subset U ⊂ Y n if and only if there is a
G-homotopy H = (H1, H2, · · · , Hn) : U × I → Y
n with H((y1, y2, · · · , yn), 0) ∈ ∆(Y )
and H((y1, y2, · · · , yn), 1) = (y1, y2, · · · , yn). We set
Hj((y1, · · · , yj, · · · , yn), tj) = s(y1, · · · , yj, · · · , yn)(tj),
where tj ∈ [0, 1]j ≃ I and j = 1, · · · , n. Then existence of one of s and H implies the
other one. Hence the Lemma follows.

5.9. Proposition. Assume that Y is a G-connected space with Y G 6= φ. Consider
Y m with product Gm-action. Then
catGn−1(Y
n−1) ≤ TC∗n,G(Y ) ≤ catGn(Y
n) ≤ n catG(Y )− (n− 1), n ≥ 2.
Proof. For the first inequality, consider the pull-back square:
P0Y
p

  inc // Y I
e′n

Y n−1 

inc
// Y n
Here P0Y is the set of all paths in Y starting at a base point y0 ∈ Y
G and Y n−1 →֒
Y n, y 7→ (y0, y). Then for a section of e
′
n over U ⊆ Y
n, we get a section over
V = (inc)−1U ⊆ Y n−1.
16 AMIT KUMAR PAUL AND DEBASIS SEN
For the second inequality, take U ⊆ Y n be Gn-categorical with respect to product
action. Then there is a Gn-homotopy H : U × I → Y n such that H(a, 0) = a and
H(a, 1) = (y0, · · · , y0) where y0 ∈ Y
G. Then U is G-equivariantly deformable to
∆(Y ).
For the third inequality, we note that catGn(Y
n) ≤ n catG(Y )− (n− 1) by Lemma
2.7. 
5.10. Example. Let Z2 acts on S
m by reflection. If m = 1, then the fixed point set
is disconnected. So in this case TC∗n,Z2(S
1) = ∞ for all n ≥ 2. For m ≥ 2, the fixed
point set is Sm−1 which is path connected. By Example 2.6 catZ2(S
m) = 2. In this
case
TC∗n,Z2(S
m) ≤ n catZ2(S
m)− (n− 1) = n.2− (n− 1) = n + 1.
Also from Proposition 5.6, we get
TC∗n,Z2(S
m) ≥ TCn((S
m)Z2) = TCn(S
m−1), TC∗n,Z2(S
m) ≥ TCn(S
m).
We know from [18, Section 4] that TCn(S
m) = n if m is odd and TCn(S
m) = n + 1
if m is even. Thus
TC∗n,Z2(S
m) = n+ 1, for all m,n ≥ 2.
Note that TCn(S
m/Z2) = TCn(D
m) = 1.
5.11. Example. Let S3 = {(z, w) ∈ C2| |z|2 + |w|2 = 1}. Consider the S1-action,
defined by α.(z, w) = (αz, w). Then the fixed point sets are {(0, w) : w ∈ S1} ∼= S1.
So TC∗n,S1(S
3) ≤ n catS1(S
3) − (n − 1). But catS1(S
3) = 2 (cf. [9, Example 3.20]).
Therefore
n ≤ TC∗n,S1(S
3) ≤ n+ 1.
We have the following Theorem showing that the strongly equivarint complexity of
the universal TC∗n,pi(X˜) is same as T˜Cn(X) where π is the fundamental group of X .
This is a generalisation of ([12, Proposition 3.8]). The proof is similar.
5.12. Theorem. For any locally finite CW complex X, we have
T˜Cn(X) = TC
∗
n,pi(X˜),
where P : X˜ → X be the universal covering and π = π1(X).
Proof. We first show T˜Cn(X) ≤ TC
∗
n,pi(X˜). Let e
′
n : X˜
I → X˜n be the map as above.
Assume that U˜ ⊂ X˜n be an πn invariant open set such that there is a π-equivariant
section s˜ : U˜ → X˜I of e′n. Consider the open set V = U˜/π ⊂
∏
piX˜ where π-acts
diagonally. We have the following commutative diagram.
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X˜I
/pi

e′n
$$
U˜
s˜
oo
/pi

  inc // X˜n
/pi

/pin
!!❇
❇❇
❇❇
❇❇
❇❇
❇❇
❇❇
❇❇
❇❇
❇❇
XI
p
99
Vs
oo 

inc
//
∏
piX˜
q
// Xn
Since s˜ were π-equivariant, the section s exists. Note that V = q−1(U˜/πn).
To prove the other inequality T˜Cn(X) ≥ TC
∗
n,pi(X˜), it is enough to show that given
a section s as above, it can be lifted to a section s˜. Since the π-action on the top rows
are free, the vertical maps are principle π-bundles. Consider the classifying maps
ξ : XI → Bπ and ξ′ :
∏
piX˜ → Bπ. Then the classifying map for the U˜ -bundle is
ξ′ ◦ inc. The existence of s˜ follows from the following fact of principal bundles: Let
E → B and E ′ → B′ be two principle G-bundles. Then a map f : B′ → B can be
lifted to a bundle map f˜ : E ′ → E if and only if ξ ◦ f ≃ ξ′ where ξ : B → BG and
ξ′ : B′ → BG are classifying maps of the respective principle G-bundles. We apply it
to the π-bundles of the left square of the above diagram. The existence of the bundle
map e′n covering p implies ξ ≃ ξ
′ ◦ p. Now note that ξ ◦ s ≃ ξ′ ◦ p ◦ s = ξ′. Therefore,
by the above fact, the bundle map s˜ exists making the diagram commutative.

We now use the strongly equivariant complexity to give an upper bound for higher
complexity of total space of a fiber bundle. The following theorem is a generalisation
of [3, Theorem 3.1].
5.13. Theorem. Let E,B be two locally compact metric spaces and p : E → B be a
fiber bundle with fiber F and structure group G acting properly on F . Then
TCn(E) ≤ TCn(B) + TC
∗
n,G(F )− 1.
Proof. Let TCn(B) = r,TC
∗
n,G(F ) = r
′ and k = r + r′ − 1 such that r, r′, k ≥ 1.
Consider F n as a G-space with diagonal action of G. Then there is a ∆(B)-deformable
open cover {U1, U2, · · · , Ur} of B
n and a G-equivariantly deformable into ∆(F ) open
cover {V1, V2, · · · , Vr′} of F
n by Gn-invariant sets, by Lemma 5.8. Using Proposition
2.10 we can extend the above open covers to an r-cover {U1, U2, · · · , Ur, · · · , Uk}
and an r′-cover {V1, V2, · · · , Vr′, · · · , Vk} for B
n and F n respectively, with the same
property.
Consider the universal F n-bundle q : F n×Gn E(G
n)→ B(Gn) and classifying map
g : Bn → B(Gn) for the F n-bundle pn : En → Bn. Set Oi = Vi ×Gn E(G
n), i =
1, 2, · · · , k so that {Oi}
k
i=1 is an r
′-cover of F n ×Gn E(G
n) and Wi = O
′
i ∩ (p
n)−1(Ui),
where O′i = (g
′)−1(Oi). Using Lemma 2.9 we can say that {Wi}
k
i=1 covers E
n. Now
we show that the each set Wi is deformable to ∆(E), in two steps.
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Step-I: Consider the composition map, Wi × I
pn×Id
−−−→ Ui × I
H
−→ Bn, where H is a
deformation of Ui into ∆(B). Using the homotopy lifting property of the fibre bundle
f = pn|
O′
i
: O′i → B
n, we can say that Wi can be deformed in O
′
i to the preimage
f−1(∆(B)).
Wi × {0} _

  // O′i
  //
pn
|
O′
i
=f

En
pn=g∗(q)

g′
// F n ×Gn E(G
n)
q

Wi × I
<<
H◦(pn×Id)
// Bn =
// Bn g
// B(Gn)
Step-II: Now we show that f−1(∆(B)) ⊆ O′i can be deformed into ∆(E). Let φ
i
t :
Vi → F
n be an G-equivariant deformation of Vi into ∆(F ). It defines a deformation of
Vi×GEG to ∆(F )×GEG in F
n×GEG. Observe that the bundle q : F
n×GnE(G
n)→
B(Gn) restricted over ∆(BG) ∼= BG is F n ×G EG → BG with the diagonal action
of G on F n. Then the above deformation defines a fiberwise deformation of Oi over
∆(BG) into ∆(F ×GEG). This will induce a fiberwise deformation of O
′
i over ∆(B),
i.e. of f−1(∆(B)), into ∆(E).
The concatenation of the above two deformation in Step-I and Step-II defines a
deformation of Wi into ∆(E). 
5.14. Remark. Following the arguments of [3, Theorem 3.3], the Corollary 4.7 can
also be deduced using the above Theorem 5.13. Let X˜ denote the universal cover of
X . Consider the fiber bundle X˜ ×pi Eπ → Bπ. It has fiber X˜ and structure group π.
Applying Theorem 5.13 to this bundle we get the following inequality
TCn(X˜ ×pi Eπ) ≤ TC
∗
n,pi(X˜) + TCn(Bπ)− 1.
Now by Theorem 5.12 TC∗n,pi(X˜) = T˜Cn(X). Also from the Equation 7, with k = 1,
we have T˜Cn(X) ≤
⌈
ndimX−1
2
⌉
+ 1. Putting it in the above inequality
TCn(X˜ ×pi Eπ) ≤ TCn(π) +
⌈
n dimX − 1
2
⌉
.
Note that the map induced by covering projection X˜ ×pi Eπ → X is a homotopy
equivalent, since it has contractible fiber Eπ. So TCn(X˜ ×pi Eπ) = TCn(X).
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